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1. INTRODUCTION 
The aim of this paper is to study certain graded algebras associated with 
an ideal GZ which is a power of an ideal generated by an A-sequence, A a 
commutative ring with unit element. The questions posed are whether a 
given property of the ring A is inherited by the Rees algebra or the symmetric 
algebra of a. If the property is that of being Cohen-Macaulay, we can show 
that the defining ideal of the Rees algebra is generated by all 2 x 2 minors 
of a certain generic-like matrix, i.e., a matrix, all of whose entries are either 
variables or elements of the original A-sequence. Using the theory of deter- 
minental ideals, we prove in certain cases and conjecture, in general, that 
the Cohen-Macaulay property is inherited by the Rees algebra. An example 
is given to show that neither regularity nor Gorenstein are inherited 
properties, even for ideals generated by A-sequences. 
When A is a domain, so is R(a), isomorphic to S(a) when OZ is generated 
by an A-sequence. We give an example in this case where A is normal but 
li(CY) is not. The example is followed by certain special cases where the 
normality of A implies the normality of R(a) for powers of ideals generated 
by A-sequences. 
In Sections 2-5 we follow the notation established by Micali [5]. The 
author wishes to thank P. Salmon for helpful conversations. 
2. GENERALITIES 
Let Gpd = (a, ,..., a,) be an ideal in A, a commutative ring with unit 
element. The map As --f GY given by (b, ,..., b,) F+ xi-1 biai induces an 
A-algebra epimorphism p: A[X, ,..., X,] ---f S(a), the symmetric algebra 
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of GZ The kernel of CL, denoted by 22, is generated by all linear forms 
such that 
i b,a, = 0. 
i=l 
The Rees algebra, R(a) of GZ is defined as the subring A[a,X,..., a,X] of 
A[X]. The map Q&+ 1p(0!) given by a ++ aX yields an A-algebra epi- 
morphism qx 5’(a) + R(a). Furthermore, the A-algebra epimorphism 
Y: 4x1 9..., &I -+ R(a) given by Xi I-+ a,X makes the diagram commute, 
i.e., y = g, 0 p. Denote by 22, the kernel of y. Thus 2, is generated by all 
forms f(X, ,..., X,) such that f(u 
Clearly, 2 C L2m . The notatio’n” f? i ” 00 comes from the following 
construction. Consider the homomorphism 
A[&>...> X,, Xl -+ 431 
given by Xi it a,X, X t-+ X. Its kernel ~3’ is the ideal 
Set 
(Xl - a,X,..., X, - a,X). 
It is immediate that 22 = 2?,, C L?i C 2$ C ... C 2& . Furthermore, if 
-%a = %n+1, then &, = 2?m+k for all K >, 1. We make the following 
definition, generalizing Micali’s injectivity condition. 
DEFINITION. The ideal GY = (ur ,..., a,) is called k-stable if ~2~ = ~2~ 
and 2?,3 2&-i. 
We then have 
PROPOSITION. 1. S(ad) = R(a) ;f and only if GPG is O-stable. 
Proof. 02! is O-stable if and only if ~3’~ = 22 if and only if kernel y = kernel 
p if and only if v is an isomorphism. 
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3. GENERATORS FOR 22 AND 22, 
The starting point for our considerations is the following theorem of 
Corsini [3, Theorem 21 giving explicit generating sets for 9 and 9, for powers 
of ideals generated by A-sequences. 
THEOREM 1. Let 6Y = (al ,..., a,)” where a, ,..., a, is an A-sequence, 
n > 1. Consider the set of independent variables 
{Xiliz...d, j il + iz + *** + i, = n} 
and the sets of polynomials 
L = {a,X,l...i, - a,Xjl..+, ~iw=jwforw#u,v,iu+l=ju,i,=j,+l} 
and 
Q = {&,...i, Xjl...i, - Xi;...i; Xj;...j; / iW + jW = ii + j; for 1 < w < s} 
in the ring A[ . . . . Xil...i, ,... 1. Then under the maps given by 
~(Xi,...i,) = at1 *a* a> and y(Xi,...J = a> **- a: X, 
L generates 2 and L u Q generates 2, . 
THEOREM 2. Let the notation be as in Theorem 1. Then ifs = 1 or n 
OZ is O-stable. If s, n > 2, then IZ is l-stable. 
Proof. If s = 1, then L = @ and Q = (0) so 9 = 9, = (0). If n 
Q = (0) so A? = L& . If s, n > 2, then 
x;,i,.. .i, - xoz+i, &ia...& 
is in Q but not in (L); so Z&G 9. Moreover, the relations 
-q...t, Xil...js - Xi;...i; Xi;..+: = (Xi,...i, - a$ *** a$X) Xil..+. 
= 
1, 
zz 
1, 
show that Q C 9, . Therefore &, = ~!?i and 6Z is l-stable. 
COROLLARY. Let fl be an ideal generated by an A-sequence. Then 
s(a) m Ii( 
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4. THE CASE n = 1 
The first theorem we seek is that A Cohen-Macaulay, CY generated by an 
A-sequence, implies that the Rees (symmetric) algebra of @ is Cohen- 
Macaulay. This comes as a consequence of a result of Eagon and Northcott 
(Theorem 3, below) and the observation that 9 is an ideal of the type 
described in the theorem. 
THEOREM 3. Let A be a commutative Noetherian ring with unit, U an 
Y x s matrix (r < s> with entries in A, (U) the ideal generated by rn~.rna~ 
minors of U. If(U) is a proper ideal, then grade(U) < s - Y -/- 1. furthermore, 
if grade(U) -I- s - r + I, then (U) is perfect and grade-unmixed, i.e., 
grade(U) = dh,A/(U) = grade P 
for all associated primes P of (77). 
Proof. See [4, Theorems 1 and 2 and Corollary]. 
PROPOSITION. 2. Let A be a commutative Noetherian ring, a, ,..., a, an 
A-sequence, s > 2, U the 2 x s matrix 
( 
.*. as 
-*- x, 1 
and (U) the ideal generated by 2 x 2 minors in A[X, ,..., X,] = B. Then 
grade(U) = s - 1. 
Proof. One has grade(U) < s - 1 by Theorem 3. We will show 
grade(U) > s - 1 by induction on s. If s = 2, alX, - azXl E (U) is not 
a zero divisor so grade(U) 2 1. Assume true for s - 1. Set 
u’ = ($ 1:: ;;A, B’ = A[X, ,..., X,-J. 
Let fi ,...,f$-s be a maximal F-sequence in (U’) and 9 an associated prime 
of the ideal (fr ,.,., fs-J B’. By Th eorem 3, grade 9 = s - 2. Thus for some 
j=l ,..., s - 1, a, $9. Set d = a,Xj - ajX, E (U). Then d $9B since as 
a polynomial in X, , it does not have all of its coefficients in 9. Therefore 
(U) G 9B. However, PB is a typical associated prime of the ideal 
(fi ,..., f+,)B. Thus (U) g the set of zero divisors in B/(f, ,..., f&B. 
That is, grade(U) > s - 1. 
COROLLARY. Suppose that A is Cohen-Macaulay, a, ,..., a, an A-sequence, 
and GI? = (a, ,..., a,). Then R(Q) is Cohen-Macaulay. 
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Proof. By Theorem 1, 9 = 1, is precisely the ideal described in 
Proposition 2. By Theorem 3, it is perfect and grade(=rank)-unmixed. 
It follows (for example, by [7, Theorem 111) that R(Q) is Cohen-Macaulay. 
The following example shows that when A is regular, R(a) need be 
neither regular nor even Gorenstein. Let k be a field, A = k[X, Y, 4, 
@ = (X, Y, Z). Then R = &et) m k[x, y, z, u, v, w] where uy = etx, 
uz = wx, and w = wy. Let ea = (x, y, z, u, ~1, w). Then R, is a local ring 
of dimension 4. It can be shown [l] that x, u - y, z, - z, w form a system 
of parameters in R, . Let 1 = (x, u - y, v - z, w). Then 
RJI m k[X, Y, 2, U, V, WI/(X, U - Y, V - Z, W, UY - VX, 
uz - wx, vz - WY) 
M k[Y, Z, U, V]/(U - Y, V - 2, VU, UZ, VZ) 
= NY, zli(Y, Z>’ = kb,4. 
Since (0) = ( y2, z) n ( y, zs), 1 is not irreducible in R, . Therefore R, is 
not Gorenstein and so R is not Gorenstein. 
5. THECASE? 
The following result shows that for the ideals being considered, 9, can 
always be viewed as the ideal of 2 x 2 minors of a certain matrix. 
THEOREM 4. Let Ol = (a, ,.,., a$ where a, ,..., a, is an A-sequence. 
Introducing independent variables 
{Xi,...i, j il + *** + i, = n), 
one dejnes a matrix U over the ring A[ . . . . Xil...$, ,... ] as follows: 
Uisa l-j- 
[ ( 
lzfs-2 
n-1 )I 
X s matrix 
the bottom (“z’~“) rows of which are indexed by 
{(A >..., i.d lh + *.. + j, = 12 - 1). 
Set U,*, = sic and UQ l,....jJ,k = xjl.--ik+l~*+s . Denote by (U), the ideal 
gene-rated by all 2 x 2 minors of U. Then 9, = (U), . 
Proof. It is easily seen that any generator of (U), involving the first row 
of U is in L. and any generator not involving the first row of U is in Q. Thus 
(q,c-%. 
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Conversely, a typical generator 
a,X,l.. .i, - UltXil.. .i”+l...+l...i, 
of L is the determinant coming from columns u and v and rows 1 and 
(il ,..., i, ,..., i, - l,..., i,) of U. It remains only to show that every element 
of Q is in (U), . Suppose 
X = Xil...i, Xj,...j, - Xi;...ib Xj;...j> E Q. 
Let 
(iI’ ,..., i,‘) = (i1 + b, ,..., i, + b,), (jl’,...,iS’) = (il - b, ,...,j, - b,) 
for certain b, ,..., b, E Z with x;=, bt = 0. The proof that X E ( Cr)z goes by 
induction on & I b, 1 = 2k. If k = 0, X = 0 E (U), . Assume true for 
& 1 b, / = 2k and that Ci=, 1 b, 1 = 2(k + 1) for X. Then there exist 
1 < u, u < s such that b, 3 1 and b, < - 1. Set 
and 
z = xi;...i;_l...i;+l...~~ xj;,..j;+l...j;-l...j~ - xi;..+; xi;+;. 
Then X = Y + 2, where Y E (U), by induction and 2 E (U), since it is the 
determinant coming from columns u and z, and rows (jl’,...,j,’ - l,...,j,‘) 
and (iI’ ,..., i,’ - l,..., i,‘), thereby completing the induction and the proof 
of the theorem. 
PROPOSITION 3. Suppose A is Cohen-Macaulay, a, , a2 an A-sequence, 
G! = (a, , a2)%, n 2 1. Then R(O2) is Cohn-Macaulay. 
Proof. 
D't = 
i 
a, x, ... x, 
a2 X0 *-* X,-l i 
where xi = Xi& . 
The proof of Proposition 2 carries over with trivial modifications to yield 
that (U), is a perfect ideal of grade n. As in the Corollary to Proposition 2, 
R(a) is therefore Cohen-Macaulay. 
It remains an open question whether Proposition 3 is valid starting with 
an A-sequence of arbitrary length. Sharpe [9] has shown that if the ideal 
I of 2 x 2 minors of an arbitrary r x s matrix has maximal grade, namely 
(Y - l)(s - l), then 1 is perfect. Thus it would suffice in the general case of U 
coming from fl = (a, ,..., us)n to show that the grade of (U), is (s - l)(“z-<.;“). 
48112511-7 
96 BARSHAY 
6. INTEGRALITY 
If A is an integral domain, then I?(a) is a domain for any ideal aC A. 
If 0Z is generated by an A-sequence, then R(d) and ,.7(a) are isomorphic 
(Corollary, Theorem 2). If, furthermore, A is integrally closed, one can ask 
under what conditions R(0) is integrally closed. The example below shows 
that R(CPI) need not be integrally closed even when OZ is generated by an 
A-sequence. However, a general result (Theorem 5) connecting the normality 
of R(a) with the associated graded algebra G(a) being reduced allows us to 
exhibit some interesting special cases where normality is inherited. These 
include (1) powers of the ideal generated by any subset of a set of variables 
adjoined to an integrally closed domain, and (2) powers of the ideal generated 
by a subset of a regular system of parameters in a regular local ring. 
EXAMPLE. Let A = k[X, Y], k a field, and G!? = (X2, Y”). Then 
XYT E A[T] is not in R(d) = A[X2T, Y2T], however, is integral over R(a), 
satisfying Z2 - (X2T)(Y2T) = 0. Th us normality is not inherited by 
arbitrary ideals generated by A-sequences. 
For any ideal a C A we can define a function v: A + h,, U {CO} by 
v(a) = n if a E GP, a 4 QP+i. Clearly v satisfies 
(1) v(a) = co if and only if a E fin,, QP, 
(2) VW) 2 VW + v(b), 
(3) v(a + b) > min(v(u), v(b)} with equality holding if v(a) # v(b). 
Denoting by G(a) the associated graded algebra of 6Z, that is, 
one has the following obvious facts: 
LEMMA. (1) v(d) = v(u) + v(b) for all a, b E A if and only if G(a) is an 
integral domain. 
(2) ~(a*) = dv(u) for all a E A, d > 0 if and only if G(a) is reduced. 
THEOREM 5. Suppose that 0JC A with G(OZ) reduced. Then R(a) is 
integrally closed in A[T]. In particular, if A is an integrally closed domain, 
then so is R(GZ). 
Proof. Suppose f = a7ftTr+t + ... + u,.T’ E A[T] is integral over R(a), 
=yfd + blfd-l+ ... + b, = 0 with bi E R(W). Denote by b:j) the coefficient 
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of Z”f in bi . Thus blj) E A and r@kj)) > j. Choose the largest value of K such 
that 
+J,+~) - (r + k) = min i+~.d - fr i-j)>. 
j=o,....t 
Viewing f d + b,f +l+ ... + b, as a polynomial in T with coefficients in A, 
we consider the coefficient of Tdcr+le). The claim is that this coefficient has 
exactly one summand of minimal order &(a,+& namely, a:+‘;, . To see this, 
iict5Xconsider the leading yrn f”. A typical contributing summand looks like 
Ot %%,l *.* a?+t where xix0 ii = d and X+0 iJ(r + j) = d(r + R), or, re- 
writing the second condition in terms of the first, ~~=,-, ij = d and 
&, ij(j - k) = 0. If iI, = d and all other 4 = 0, we get the term ardtk:. 
If & < d {possible only if K < t), then ij > 0 for somej > K. Then one has 
For a term b,fdae, e = l,..., d, a typical contributor looks like 
Then 
= d(r + 4 + i ijt4a,+j) - (y t-j)) 
j=O 
2 4~ -t 4 t @(a,+4 - (r + k)(d - 4 
= 4ar+k) - eW,+d - (y + 4) > dw(a,+J, 
unless v(a,,,) > Y + R, in which case v(ar+i) 2 r + j for j = O,..., t and 
f~ R(@), Thus CO = v(O) = dv(a,,) or simply o(a,J = co. By the choice 
of k, this gives v(ap+J = co forj = O,..., t and soft R(a). 
If kl is an integrally closed domain, then so is A[T]. Since R(a) and A[T] 
have the same quotient field, the second statement follows immediately 
from the first. 
COROLLARY 1. Suppose that A = B[x, ,..., x,] is a reduced graded ring 
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with degree xi = 1 and 63’ = (x1 ,..., x,). Then R(@) is integrally closed in 
A[ T]. If A is an integrally closed domain, then so is R(CPl”t) for all n > 1. 
Proof. By Theorem 5 it suffices for the first statement to show that G(@‘) 
is reduced. We can view A as B[X, ,..., X,1/I where I is some homogeneous 
ideal. Suppose that a E Q”, a il; QP+*. Then a = F + I whereF E B[X, ,..., X,] 
is a form of degree n. Thus a d = Fd + I where Fd is a form of degree nd. 
If ad E QP+l, then ad = G + I where G E B[X, ,. .., X,] is a sum of forms 
of degree at least nd + I. Then F” - G E I which implies F* E I by homo- 
geneity. Since A is reduced, this gives FE I, a = 0, contradicting a $ &En+=. 
Thus ad # GP”+i. 
The second statement follows immediately from Theorem 5 for n =z 1. 
Furthermore Ribenboim [8, p. 102, Theorem l] has shown that if R(a) is 
integrally closed, so is R(@) for all n > 1. 
COROLLARY 2. Suppose that A = B[X; ,,,., X,] where B is reduced and 
a = (Xi1 ,...) X,,), 1 < i1 < i2 < ... < it < s. Then R(CZ) is integrally 
closed in A[ T]. If B is an integrally closed domain, then so is R(@) for all n 2 1. 
Proof. By assigning degree 1 to the generators of @ and degree 0 to the 
excluded variables, one sees immediately that this is a special case of 
Corollary 1. 
Returning to the case of ideals generated by A-sequences, one can readily 
see now the extra hypothesis needed to guarantee the normality of I;t(OJ). 
For if a, ,..., a, is an A-sequence, UZ = (a, ,..., a,), then G(I;pI) m 
(A/GW, ,...> X,]. To see this we note that 
G(Q) FW R(Q) @A A/@ M A[& ,..., X,J/%m @ A/Old M A[X, ,..., X,]/(-& @*) 
where GP = 6YA[X, ,..., X,]. But in this case L& = 4! and % C W* since 
every syzygy of an A-sequence is trivial. Thugs G(G2) is reduced precisely 
when AjCPG is reduced, that is, when 6Y = 1/a. So we have the following: 
COROLLARY 3. Suppose that a, ,..., a, is an A-sequence, CPG = (a1 ,..., a,), 
and Cpt = +fi. Then R(a) is integrally closed in A[T]. If A is an integrally 
closed domain, then so is R(OZn) for all n 3 1. 
COROLLARY 4. Suppose that A is a reguiur local ring and @is generated by 
a subset of a regular system of parameters. Then R(W) is an integrally closed 
domain for all n >, 1. 
Proof. A regular local ring is a unique factorization domain, hence 
integrally closed. A subset of a regular system of parameters is an A-sequence 
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generating a prime ideal. The result now follows from the previous corollary. 
Remarks. (1) Clearly G(a) reduced is not a necessary condition for 
the normality of R(a). For example, let A be integrally closed, G(a) reduced 
with a f 0P. Then R(W) is integrally closed but G(GP) is not reduced. 
(2) In Corollary 1, one cannot replace the ideal UZ by an ideal generated 
by a proper subset of the linear generators of A, . For example, let 
A = k[X, Y, Z]/(XY - Zz) = k[x, y, x] and Q? = GGY). 
Then (zT)~ - (xT)( ~7’) = 0 so xT is integral over R(a) but not in R(a). 
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